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1. Introduction
For m = 2n or 2n+1, let O (m) and SO(m) be respectively the orthogonal group and the special or-
thogonal group of rank n over the complex numbers C. The main object of this paper is the following
quotient algebra, which we will call the isotropic ﬂag algebra,
C[Mm,n]Un/ISO(m) ∼=
∑
r(D)n
σ Dm
where Mm,n is the space of m by n matrices, Un is the upper triangular unipotent subgroup of the
general linear group GL(n), σ Dm is the O (m) irreducible representation indexed by Young diagram D ,
and the sum is over all Young diagrams with less than or equal to n rows. For the labeling system of
the irreducible representations, we shall follow [7, §19.5]. The ideal ISO(m) turns out to be generated
by quadratic relations derived from the symmetric bilinear form ﬁxed for SO(m), which explains the
name of the quotient algebra.
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sentation exactly once. Our motivational object is the ﬂag algebra which is the ring of regular functions
over SO(m)/USO(m) where USO(m) is the maximal unipotent subgroup of SO(m) [18,19]. The isotropic
ﬂag algebra is isomorphic to the ﬂag algebra as an SO(m) module, while its multiplicative structure is
slightly different when m is even.
Starting from a standard monomial theory for the Un-invariant ring C[Mm,n]Un , we shall develop
a relative theory of SO(m) embedded in GL(m) by computing a Gröbner basis for the ideal ISO(m) . The
description of generators for ISO(m) will be derived from the fundamental representations of Sp(2m)
by embedding O (m) in Sp(2m). As a result, we obtain explicit weight bases of polynomial type for
the ﬁnite dimensional representations σ Dm . Then, from a characterization of the leading monomials
for the elements of ISO(m) and C[Mm,n]Un , we show that the isotropic ﬂag algebra is a deformation
of a subvariety of an aﬃne toric variety encoded by an integral lattice cone associated with the
Gelfand–Tsetlin semigroup. The combinatorial description of our weight bases for σ Dm is compatible
with known tableaux models studied in [16,22].
Geometrically, our result can be understood in the context of a toric degeneration of a ﬂag variety
for SO(m) by considering the isotropic ﬂag algebra as a multi-graded homogeneous ring. The toric de-
generations of spherical varieties are now well known (e.g., [1,4,9]). In particular, the SAGBI–Gröbner
method describes degenerations of aﬃne varieties in a very concrete way (e.g., [2,5,23]), and using
this method the toric degenerations of the ﬂag varieties for GL(m) and Sp(2m) have been studied (cf.
[13–15,20]). Our approach can be understood as an application of this method to the case of SO(m).
2. Preliminaries
Let us ﬁx our notations and explain the basic ingredients for our investigation.
2.1. Un-invariant ring C[Mm,n]Un
Let GL(m) × GL(n) be acting on the space of complex m by n matrices
Mm,n =
{
(zi, j): 1 i m; 1 j  n
}
by
(g1, g2)Q =
(
gt1
)−1
Q g−12
for g1 ∈ GL(m), g2 ∈ GL(n), and Q ∈ Mm,n . Let us assume m n. Then, under the GL(m)×GL(n) action,
the coordinate ring C[Mm,n] of Mm,n has the following decomposition:
C[Mm,n] ∼=
∑
r(D)n
ρDm ⊗ ρDn
where ρDk is the irreducible representation of GL(k) labeled by Young diagram D , and the summation
is over all D with the number of rows r(D) less than or equal to n. This result is known as the
GL(m)–GL(n) duality (see, e.g., [10,12]). If Un is the subgroup of GL(n) consisting of upper triangular
matrices with 1’s on the diagonal, then by taking Un ∼= 1× Un invariants, we have
C[Mm,n]Un ∼=
∑
r(D)n
ρDm ⊗
(
ρDn
)Un
∼=
∑
r(D)n
ρDm .
The second isomorphism is by the theorem of highest weight (see, e.g., [10, §5]).
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algebra. Since the diagonal subgroup An of GL(n) normalizes Un , C[Mm,n]Un is stabilized by the action
of An . Note that An acts on (ρDn )
Un by the character
diag(a1, . . . ,an) → al11 · · ·alnn
given by Young diagram D = (l1  l2  · · · ln  0) ∈ Zn . Thus, ρDm  ρDm ⊗ (ρDn )Un is the space of An-
eigenvectors of weight D in C[Mm,n]Un and the C-algebra C[Mm,n]Un is graded by the semigroup Â+n
of dominant polynomial weights for GL(n), or equivalently the subsemigroup Â+n ⊂ Â+m of dominant
weights for GL(m). Therefore, we have
ρDmρ
E
m ⊆ ρD+Em (2.1)
where D = (l1, . . . , ln), E = (l′1, . . . , l′n), and D + E = (l1 + l′1, . . . , ln + l′n).
2.2. Isotropic ﬂag algebra
Let m = 2n or 2n+1 with n 2. We shall review some properties of the irreducible representations
of SO(m) and their realization inside the GL(m) representations. Our main references are [7, §19]
and [16].
Let us consider the GL(m) irreducible representation ρDm labeled by Young diagram D as an SO(m)
module by restricting GL(m) to its subgroup SO(m). For a Young diagram D with the number of rows
r(D) less than n, ρDm contains the irreducible representation σ
D
m of SO(m) labeled by the same Young
diagram with multiplicity one:
ρDm = σ Dm ⊕ IDm (2.2)
where IDm is its complement space. The main difference between m = 2n and m = 2n + 1 occurs
when r(D) = n. For m = 2n + 1, this decomposition works without any change. However, if m = 2n
then ρDm contains a pair of associated irreducible representations of SO(2n) with highest weights
D+ = (l1, l2, . . . , ln) ∈ Zn>0 and D− = (l1, l2, . . . , ln−1,−ln). In this case, we will let σ D2n denote the
O (2n) irreducible representation with highest weight D = D+ , i.e.,
σ D2n = σ D
+
2n ⊕ σ D
−
2n (2.3)
and continue to use the notation in (2.2).
Note that if D = (1, . . . ,1) ∈ Zn then with respect to the standard action of GL(2n) and O (2n) on
C
2n the space
∧n
C
2n can be taken for both ρD2n and σ
D
2n . Then, we may further decompose
∧n
C
2n
into σ D
+
2n ⊕ σ D
−
2n by considering the +1 and −1 eigenspaces of the following map:
τ :
∧n
C
2n →
∧n(
C
2n)∗ →∧nC2n
where the ﬁrst map is the isomorphism between C2n and (C2n)∗ given by the symmetric bilinear
form ﬁxed for O (2n) and the second one is deﬁned by the wedge product∧n
C
2n ×
∧n
C
2n →
∧2n
C
2n = C·〈e1 ∧ · · · ∧ e2n〉
See [10, §5.1.3] and [7, §19.2] for further details. For a combinatorial description of the individual
spaces σ D
+
2n and σ
D−
2n for a general D with r(D) = n, we refer to [16, §4].
The usual ordering can be given on Â+n , i.e., E is greater than D if E − D can be expressed by
a sum of positive roots. Then IDm consists of the irreducible representations σ Em of O (m) in ρDm where
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shown. See [7, §19.5]. A parallel result for the symplectic case is shown in [7, §17.3] and [14].
Proposition 2.1. For m = 2n or 2n + 1, with the notation given in (2.2) and (2.3), the sum
ISO(m) =
∑
r(D)n
IDm
over all Young diagrams with r(D)  n forms an ideal of C[Mm,n]Un . Moreover, the quotient algebra
C[Mm,n]Un/ISO(m) , as an SO(m) module, contains every irreducible representation of SO(m) exactly once:
C[Mm,n]Un/ISO(m) ∼=
∑
r(D)n
σ Dm . (2.4)
We call the algebra C[Mm,n]Un/ISO(m) the isotropic ﬂag algebra for SO(m). The grading structure
(2.1) of C[Mm,n]Un imposes the following grading structure on the isotropic ﬂag algebra:(
σ Dm + ISO(m)
)(
σ Em + ISO(m)
)⊆ σ D+Em + ISO(m), (2.5)
where D = (l1, . . . , ln), E = (l′1, . . . , l′n), and D + E = (l1 + l′1, . . . , ln + l′n).
2.3. Standard monomials for C[Mm,n]Un
Let us brieﬂy review a standard monomial theory for C[Mm,n]Un with m n. A ﬁnite presentation
of C[Mm,n]Un in terms of generators and relations is known: all the Un-invariant minors on Mm,n
form a generating set and they satisfy the Plücker relations. More precisely, given Q = (ti, j) ∈ Mm,n
and I ∈ L(m,n) where
L(m,n) = {[i1, i2, . . . , ip]: 1 i1 < · · · < ip m; 1 p  n},
we let δI (Q ) denote the minor of Q with the i1, i2, . . . , ip-th rows and the 1,2, . . . , p-th columns:
δI (Q ) = det
⎡⎢⎢⎢⎣
ti11 ti12 · · · ti1p
ti21 ti22 · · · ti2p
...
...
. . .
...
tip1 tip2 · · · tip p
⎤⎥⎥⎥⎦ .
Then the minors {δI } indexed by L(m,n) generate C[Mm,n]Un . We call I = [i1, i2, . . . , ip] column
tableaux of length r(I) = p.
Deﬁnition 2.2. The tableau order  on L(m,n) is a partial order deﬁned as follows: for I =
[i1, i2, . . . , ip] and J = [ j1, j2, . . . , jq] in L(m,n), if p  q and ir  jr for all 1 r  q, then I  J .
Let us call a monomial
∏c
l=1 δIl ∈ C[Mm,n]Un in {δI : I ∈ L(m,n)} a standard monomial, if
I1, I2, . . . , Ic form a multiple chain under the tableau order. The following result is known as a stan-
dard monomial theory. See, e.g., [3,6,9,11,17,20,21].
Theorem 2.3. The standard monomials form a C-vector space basis of C[Mm,n]Un .
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standard Young tableau with columns I1, I2, . . . , Ic , and every semistandard Young tableau can be
realized as a multiple chain in L(m,n) with respect to the tableau order. The weight bases for the
individual irreducible representations ρDm ⊂ C[Mm,n]Un can be also deduced easily from the grading
structure: a standard monomial
∏c
l=1 δIl is a weight basis for ρDm if and only if the conjugate diagram
of (r(I1), r(I2), . . . , r(Ic)) is D , i.e., D = (r(I1), r(I2), . . . , r(Ic))t . We refer to [14] for more details.
2.4. Leading monomial algebra
Next, we review some properties of the leading monomials of elements in C[Mm,n]Un with respect
to the following monomial order.
Deﬁnition 2.4. (See [23].) Let >d be the total ordering on the coordinates za,b of Mm,n given by za,i >d
zb, j if i < j, and za,i >d zb,i if a < b. The diagonal term order on C[Mm,n] is the graded lexicographic
order on the set of monomials in C[Mm,n] with respect to >d .
For a polynomial f ∈ C[Mm,n], we let LM( f ) denote the leading monomial of f with respect to
the diagonal term order.
Example 2.5. Let m = 5 and n = 4. For I1 = [1,2,3,5], I2 = [1,3,4,5], I3 = [1,3], I4 = [3], the leading
monomial of
∏4
l=1 δIl is
LM
(
4∏
l=1
δIl
)
=
4∏
l=1
LM(δIl )
= (z11z22z33z54)(z11z32z43z54)(z11z32)(z31)
= z311z31z22z232z33z43z254
Note that it can be easily read from the corresponding tableau I1  I2  I3  I4:
1 1 1 3
2 3 3
3 4
5 5
i.e., for each i and j, the degree of zi j is the number of i’s in the j-th row.
Deﬁnition 2.6. The leading monomial algebra in(C[Mm,n]Un ) of C[Mm,n]Un is the algebra generated by
{LM( f )} for all f ∈ C[Mm,n]Un .
Similarly, for X ⊂ C[Mm,n]Un we let in(X) denote the set of leading monomials of all elements in
X with respect to the diagonal term order. Then it can be easily shown that in(ISO(m)) is an ideal
of in(C[Mm,n]Un ). The leading monomials of C[Mm,n]Un with respect to the diagonal term order have
the following nice properties.
Lemma 2.7. (See [14, §4.3].)
(i) For f ∈ C[Mm,n]Un , its leading monomial LM( f ) is equal to the leading monomial of a standard mono-
mial, i.e., LM( f ) = LM(∏rl=1 δIl ) for some I1  · · · Ir .
(ii) Distinct standard monomials of C[Mm,n]Un have distinct leading monomials.
S. Kim / Journal of Algebra 322 (2009) 3896–3911 3901From the fact that our generators {δI } form a SAGBI basis of C[Mm,n]Un , i.e., {LM(δI )} generates
in(C[Mm,n]Un ), it can be shown that in(C[Mm,n]Un ) is a ﬂat degeneration of C[Mm,n]Un . Moreover, if
m = n, the set of leading monomials can be identiﬁed with the set of Gelfand–Tsetlin patterns for
GL(m). Therefore, Spec(in(C[Mm,m]Um )) can be understood as an aﬃne toric variety encoded by the
Gelfand–Tsetlin patterns. See [9,14,15,20].
2.5. Gelfand–Tsetlin semigroup
We want to deﬁne Gelfand–Tsetlin patterns (cf. [8]) as order preserving maps deﬁned on the fol-
lowing poset and impose a semigroup structure. The Gelfand–Tsetlin(GT) poset for GL(m) is
Γm =
{
x(i)j : 1 i m; 1 j  i
}
satisfying x(i+1)j  x
(i)
j  x
(i+1)
j+1 for all i and j. We will draw it in a reversed triangular array:
x(m)1 x
(m)
2 · · · x(m)m
x(m−1)1 · · · · · · x(m−1)m−1
. . . · · ·
x(2)1 x
(2)
2
x(1)1
so that x(i)j are decreasing from left to right along diagonals. Counting from bottom to top, we will
call x(k) = (x(k)1 , x(k)2 , . . . , x(k)k ) the k-th row of Γm .
Deﬁnition 2.8. A GT pattern T of GL(m) is an order preserving map from Γm to the set of non-negative
integers:
T : Γm → Z0,
and the k-th row of T is the image of x(k) , i.e., (T (x(k)1 ), . . . , T (x
(k)
k )).
Note that the entries in the k-th row of T satisfy T (x(k)1 )  T (x
(k)
2 )  · · ·  T (x(k)k ) for all k. If we
deﬁne the multiplication of two GT patterns as the addition of two order preserving maps, then the
set PGL(m) of all GT patterns of GL(m) forms a semigroup, and we will call it the GT semigroup. The
corresponding semigroup ring, called the GT semigroup ring, will be denoted by C[PGL(m)].
There is a well-known bijection or conversion procedure between semistandard Young tableaux
and GT patterns compatible with successive branching rules of GL(k) down to GL(k− 1) for 2 km
(see, e.g., [10, §8.1]). With the semigroup structure of GT patterns we have, only the correspondence
for column tableaux I ∈ L(m,m) is enough to deﬁne the bijection. Consider
I → T I (2.6)
where T I (Γm) ⊂ {0,1} such that the number of 1’s in the k-th row of T I is equal to the number of
entries in I which are less than or equal to k for 1 k m. Then the GT pattern corresponding to a
semistandard Young tableau or equivalently a multiple chain I1  · · · Ir in L(m,m) is the product of
the corresponding GT patterns [14, §3.4]:
I1  · · · Ir →
r∑
T Il . (2.7)
l=1
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tween the leading monomial algebra and the GT semigroup ring for GL(m): for all standard monomials∏r
l=1 δIl of C[Mm,m]Um ,
in
(
C[Mm,m]Um
)→ C[PGL(m)],
LM
(
r∏
l=1
δIl
)
→
r∑
l=1
T Il . (2.8)
For l m, by restricting the isomorphism (2.8) to in(C[Mm,l]Ul ) ⊂ in(C[Mm,m]Um ) we obtain the
following proposition.
Proposition 2.9. The leading monomial algebra in(C[Mm,l]Ul ) of C[Mm,l]Ul is isomorphic to the subring Am,l
of the GT semigroup ring C[PGL(m)] consisting of GT patterns whose supports are in {x(i)j ∈ Γm: 1 j  l}.
For instance, the support of GT patterns appearing in A7,4 ∼= in(C[M7,4]U4 ) is
x(7)1 x
(7)
2 x
(7)
3 x
(7)
4
x(6)1 x
(6)
2 x
(6)
3 x
(6)
4
x(5)1 x
(5)
2 x
(5)
3 x
(5)
4
x(4)1 x
(4)
2 x
(4)
3 x
(4)
4
x(3)1 x
(3)
2 x
(3)
3
x(2)1 x
(2)
2
x(1)1
We omit its proof which is a mechanical calculation of the supports of GT patterns corresponding to
elements in L(m, l) under (2.6) and (2.7). A detailed proof for the case l =m is given in [14, §2.3].
2.6. Fundamental representations of Sp(2m)
The fundamental representations for the symplectic group Sp(2m) of rank m will be used to de-
scribe the generators of the ideal ISO(m) . We brieﬂy review them and refer to [7,14] for further details.
Let us ﬁx the skew-symmetric bilinear form 〈,〉 with respect to the elementary basis {εk} of C2m
as follows:
〈ε2i−1, ε2i〉 = −〈ε2i, ε2i−1〉 = 1 for 1 i m,
〈εa, εb〉 = 0 otherwise.
The space
∧p
C
2m can be considered as the p-th fundamental representation of GL(2m). For 2 
p m, it contains the p-th fundamental representation (
∧p
C
2m)prim of Sp(2m) exactly once:∧p
C
2m =
(∧p
C
2m
)
prim
⊕ω ∧
(∧p−2
C
2m
)
(2.9)
where ω is the symplectic form
∑m
i=1 ε2i−1 ∧ ε2i in
∧2
C
2m .
For I = [i1, i2, . . . , ip] ∈ L(2m,m), let us set
εI = εi1 ∧ εi2 ∧ · · · ∧ εip ∈
∧p
C
2m. (2.10)
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C
2m under the correspondence between δI and εI . We have the following description of the lead-
ing monomials.
Proposition 2.10. (See [14, §5.2].) Let us ﬁx the column tableau H0 = [1,3,5, . . . ,2m − 1] ∈ L(2m,m).
(i) For
∑
u ruεIu ∈
∧p
C
2m, if it is an element of ω ∧ (∧p−2C2m), then the leading monomial of its corre-
sponding element
∑
u ruδIu ∈ C[M2m,m]Um is LM(δIk ) for some Ik  H0 .
(ii) Let
∑
u ruδIu ∈ C[M2m,m]Um with r(Iu) = p for all u be given. If LM(
∑
u ruδIu ) = LM(δIk ) for some
Ik  H0 , then∑u ruεIu is in ω ∧ (∧p−2C2m).
2.7. Symmetric bilinear form
For m = 2n or 2n + 1, we will use the following symmetric bilinear form ( , ). For the elementary
basis {er} of the space Cm ,
(1) if m = 2n, then (es, et) = 1 when (s, t) = (2l − 1,2l) or (2l,2l − 1) for 1  l  n and (es, et) = 0
otherwise;
(2) if m = 2n + 1, then (es, et) = 1 when (s, t) = (2l − 1,2l) or (2l,2l − 1) or (2n + 1,2n + 1) for
1 l n and (es, et) = 0 otherwise.
For a column tableau I ∈ L(m,n), we want to deﬁne its dual to be the column tableau under the
dual basis of {er} in (Cm)∗ with respect to the symmetric form ( , ). More precisely,
Deﬁnition 2.11. For I ∈ L(m,n), its dual I∗ is the column tableau obtained from I by replacing 2i − 1
(resp. 2i) by 2i (resp. 2i − 1) for each i such that either 2i − 1 or 2i belongs to I for 1 i  n.
3. SO(m) standard monomials
In this section, we describe a generating set of the ideal ISO(m) ⊂ C[Mm,n]Un and study the leading
monomials of elements in ISO(m) by exploiting the embedding of O (m) in Sp(2m). As a result, we
obtain a standard monomial theory for SO(m). Throughout this and next sections, we assume m = 2n
or 2n + 1 with n 2.
3.1. O (m) and Sp(2m)
For a symmetric bilinear form ( , ) on Cm and a skew-symmetric bilinear form [ , ] on C2, the space
C
2m ∼= Cm ⊗ C2 has a natural skew-symmetric bilinear form 〈,〉 deﬁned as follows:
〈v ⊗ w, v ′ ⊗ w ′〉 = (v, v ′)[w,w ′]
for v, v ′ ∈ Cm and w,w ′ ∈ C2. By letting eα,β denote the elementary basis element eα ⊗eβ ∈ Cm⊗C2,
we may realize the bilinear form 〈,〉 on C2m as follows: for 1 k n,
〈e2k−1,1, e2k,2〉 = −〈e2k,2, e2k−1,1〉 = 1;
〈e2k,1, e2k−1,2〉 = −〈e2k−1,2, e2k,1〉 = 1;
〈ei,u, e j,v〉 = 0 otherwise, (3.1)
with the additional condition 〈e2n+1,1, e2n+1,2〉 = −〈e2n+1,2, e2n+1,1〉 = 1 for the case m = 2n + 1. We
can give an order on {eα,β} by imposing the order of the elementary basis {εγ } for C2m under the
following bijection: for 1 i  n,
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e2i,2 → ε4i−2;
e2i,1 → ε4i−1;
e2i−1,2 → ε4i, (3.2)
and we add e2n+1,1 → ε4n+1 and e2n+1,2 → ε4n+2 for the case m = 2n+ 1. For example, if m = 5 then
we have
e1,1 → ε1 e1,2 → ε4 e5,1 → ε9
e2,1 → ε3 e2,2 → ε2 e5,2 → ε10
e3,1 → ε5 e3,2 → ε8
e4,1 → ε7 e4,2 → ε6
Note that for {eα,2: 1 α m}, we are using the dual basis by changing the order between e2i−1,2
and e2i,2 for 1 i  n. This description of the basis is compatible with the decomposition of C2m into
isotropic subspaces, i.e.,
C
m ⊕ (Cm)∗ ∼= C2m,
{ei,1} ∪ {e j,2} → {εγ }.
After identifying Cm and (Cm)∗ , we can extend this decomposition to the following injection
ι :
∧p
C
m ⊗
∧q
C
m ↪→
∧p+q
C
2m ι(eI ⊗ e J ) = εI∗ J (3.3)
where I = [i1, i2, . . . , ip], J = [ j1, j2, . . . , jq], and I ∗ J denotes the column tableau of length p + q
with entries corresponding to {
(i1,1), . . . , (ip,1), ( j1,2), . . . , ( jq,2)
}
with respect to the bijection (3.2). See Example 3.3 below.
We also note that under the embedding (3.3), the symmetric form θ ∈ (Cm)⊗2 with respect to ( , )
maps to the symplectic form ω ∈∧2C2m with respect to 〈,〉 where
θ =
n∑
i=1
(e2i−1 ⊗ e2i + e2i ⊗ e2i−1) + κ(e2n+1 ⊗ e2n+1),
ω =
m∑
j=1
(ε2 j−1 ∧ ε2 j). (3.4)
with κ = 0 if m = 2n; and κ = 1 if m = 2n + 1.
3.2. Generators of ISO(m)
For 1  l m/2, let ωl be the l-th fundamental weight of GL(m). Then, a copy of the irreducible
representation ρDm of GL(m) with highest weight D =
∑r
i=1ωli can be obtained from the following
product: ∧l1
C
m ⊗ · · · ⊗
∧lr
C
m.
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particular, for 1 d c  n, let us consider the Young diagram (c,d)t with two columns of lengths c
and d. For 1 p < q r, we let I˜(lp ,lq)tm denote the subspace of IDm spanned by{
v∑
u=1
x1 ⊗ · · · ⊗ xup ⊗ · · · ⊗ xuq ⊗ · · · ⊗ xr:
v∑
u=1
xup ⊗ xuq ∈ I(lp ,lq)
t
m
}
where xi ∈ ∧liCm for 1  i  r. Since IDm can be obtained by intersecting ρDm with the space
θ ⊗ (Cm)⊗(|D|−2) generated by the symmetric form θ (see, for example, [7, §19]), the space IDm is
spanned by the subspaces I˜(lp ,lq)tm of quadratic relations coming from pairs
∧lpCm ⊗∧lqCm , i.e.,
IDm =
∑
1q<pr
I˜(lp ,lq)
t
m .
Hence, we obtain the following result.
Lemma 3.1. The quadratic relations I(c,d)tm generate the ideal ISO(m) for 1 d c  n.
We remark that these quadratic relations were studied in the language of tableaux in [16]. Our
next task is to characterize the elements of I(c,d)tm in terms of their leading monomials.
3.3. Leading monomials of I(c,d)tm
Note that the tensor space can be associated with the isotropic ﬂag algebra via the following
Cartan product of GL(m) representations:
ζ :
∧c
C
m ⊗
∧d
C
m → ρ(c,d)tm ⊂ C[Mm,n]Un (3.5)
given by ζ(eI ⊗ e J ) = δIδ J ∈ C[Mm,n]Un . We also note that by Theorem 2.3, there is the section η of
ζ deﬁned on the standard monomial basis {δIδ J : I  J }:
∧c
C
m ⊗∧dCm ζ ρ(c,d)tmη ,
and consider the injection ϕ = ι ◦ η extending ι given in (3.3):
ϕ: ρ(c,d)tm →
∧c+d
C
2m, ϕ(δIδ J ) = εI∗ J . (3.6)
The following proposition gives a characterization of the elements in I(c,d)tm ⊂ ρ(c,d)
t
m in terms of their
leading monomials. We set H0 = [1,3,5, . . . ,2m − 1] ∈ L(2m,m) as is given in Proposition 2.10.
Proposition 3.2. For a standard monomial δIδ J in ρ
(c,d)t
m , if I ∗ J  H0 then LM(δIδ J ) = LM( f ) for some
f ∈ I(c,d)tm . Conversely, if f is an element in I(c,d)
t
m then LM( f ) = LM(δIδ J ) for a standard monomial δIδ J in
ρ
(c,d)t
m such that I ∗ J  H0 .
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∧c
C
m ⊗∧dCm contains exactly one copy of ρ(c,d)tm and that I(c,d)tm is the inter-
section of ρ(c,d)
t
m with θ ⊗ (Cm)⊗(c+d−2) . Then, the correspondence (3.4) implies that I(c,d)
t
m ⊂ ρ(c,d)
t
m
is isomorphic to ϕ−1(ω ∧ (∧c+d−2C2m)). Under the map ϕ deﬁned in (3.6), a linear combination
of standard monomials δIδ J maps to a linear combination of indecomposable wedge products εI∗ J .
Therefore, the leading monomial of f ∈ I(c,d)tm ⊂ ρ(c,d)
t
m can be characterized by the leading monomial
of the element corresponding to ϕ( f ) ∈ ω ∧ (∧c+d−2C2m). The condition in the statements directly
follows from Proposition 2.10. 
Example 3.3. For L(m,n), let m = 2n = 8. (i) Let us consider the standard monomial δIδ J with I =
[1,4,5,6] and J = [1,4]. Then I ∗ J contains the elements corresponding to{
(1,1), (4,1), (5,1), (6,1)
} ∪ {(1,2), (4,2)},
which is {1,7,9,11} ∪ {4,6} via (3.2). Therefore,
I ∗ J = [1,4,6,7,9,11].
Since I ∗ J  H0, we have LM(δIδ J ) = LM( f ) for any f ∈ I(4,2)
t
m .
(ii) On the other hand, if I = [1,2,5,6] and J = [1,3], then I ∗ J consists of {1,3,9,11} ∪ {4,8},
i.e.,
I ∗ J = [1,3,4,8,9,11].
Since the third element 4 is less than 5, I ∗ J  H0, Therefore, LM(δIδ J ) = LM( f ) for some f ∈ I(4,2)
t
m .
Here is a simple criterion for the leading monomial of a standard monomial to be divisible by
LM(g) for some g ∈ I(c,d)tm .
Proposition 3.4. For I1  · · · Ir , let∏rl=1 δIl ∈ C[Mm,n]Un be given. Then its leading monomial is divisible
by LM( f ) for some f ∈ I(c,d)tm if and only if there is s such that I1 ∗ Is  H0 for some 1< s r.
Proof. Let LM(
∏r
l=1 δIl ) be divisible by LM( f ) for f ∈ I(c,d)
t
m . Then by Lemma 2.7, we can assume
LM( f ) = LM(δIu δIs ) for some 1 u < s  r. Moreover, by Proposition 3.2, Iu ∗ Is  H0, i.e., there is t
such that the t-th element of Iu ∗ Is is less than 2t − 1. Since I1  Iu , the l-th entry in I1 ∗ Is is less
than or equal to the l-th entry in Iu ∗ Is for all l. Therefore, the t-th element of I1 ∗ Is is also less than
2t − 1, i.e., I1 ∗ Is  H0. 
3.4. SO(m) standard monomials
Let us deﬁne SO(m) standard monomials as follows.
Deﬁnition 3.5. An element
∏r
l=1 δIl of C[Mm,n]Un is SO(m) standard, if {Il: 1  l  r} is a multiple
chain in L(m,n) and its leading monomial LM(
∏r
l=1 δIl ) with respect to the diagonal term order is not
divisible by leading monomials of elements in ISO(m) .
Our next task is to show the following standard monomial theory for the isotropic ﬂag algebra:
Theorem 3.6. The SO(m) standard monomials in C[Mm,n]Un project to a vector space basis of
C[Mm,n]Un/ISO(m) . Moreover, the SO(m) standard monomials∏rl=1 δIl such that
D = (l1, l2, . . . , lr)t
project to a basis of σ Dm ⊂ C[Mm,n]Un/ISO(m) where lk = r(Ik) for 1 k r.
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∏r
l=1 δIl can be read from the indexing tableau I1  I2  · · ·  Ir ,
i.e., the weight of
∏r
l=1 δIl is (w1,w2, . . . ,wn) where wk is equal to ν2k−1 −ν2k for all k and νi is the
number of i’s in the tableau for 1 i m. See [16,22] for more details.
Example 3.7. (i) If D = (1,1, . . . ,1) ∈ Zk for k  n, then every δI with r(I) = k is SO(m) standard in
C[Mm,n]Un . Note that the space spanned by {δI } with ﬁxed length r(I) = k is isomorphic to the space∧k
C
m which can be identiﬁed with σ Dm . See Theorem 5.1.7 in [10].
(ii) Let us consider the case of SO(5) with D = (2,1). There are 40 standard monomials of the
form δIδ J with r(I) = 2, r( J ) = 1 and I, J ∈ L(5,2). Among them only the followings 5 elements are
non-SO(5) standard:
{δ[1,2]δ[1], δ[1,2]δ[2], δ[1,3]δ[2], δ[1,4]δ[2], δ[1,5]δ[2]},
which agrees with the fact that the dimension of ρ(2,1)5 is 40 and the dimension of σ
(2,1)
5 is 35.
Now, let us consider a semistandard tableau Y D of shape D with entries from {1,2, . . . ,m}. We
let Y Di, j denote the entry in the i-th row and the j-th column of Y
D , and α2k and β2k denote the
number of elements less than or equal to 2k in the ﬁrst column and the second column of Y D
respectively. These notations and the following description of Proctor’s tableaux, which are tableaux
encoding weights of SO(m) representations, are from [16].
Lemma 3.8. (See [16,22].) The dimension of SO(m) representation σ Dm is equal to the number of semistandard
tableaux Y D of shape D satisfying the following conditions:
(i) α2k + β2k  2k for 1 km;
(ii) if α2k + β2k = 2k for some k with Y Dα2k,1 = (2k − 1) and Y Dβ2k,b = 2k for some b, then Y Dβ2k−1,b = 2k − 1.
Recall that ρDm = σ Dm ⊕ IDm from (2.2) and standard monomials
∏r
l=1 δIl whose indexing tableaux
I1  · · · Ir are of the shape D form a basis of ρDm (Theorem 2.3). Furthermore, by Lemma 2.7, the
leading monomials of these standard monomials form a basis for in(ρDm ). Note that from the above
lemma, the dimension of IDm is equal to the number of standard monomials in ρDm that violate one of
the conditions in the above lemma. Now we characterize the leading monomials of IDm .
Proposition 3.9. The dimension of IDm is equal to the number of standard monomials
∏r
l=1 δIl in ρDm whose
leading monomials are divisible by LM( f ) for some f ∈ I(lp ,lq)tm with 1 p < q r.
Proof. From Proposition 3.2, it is enough to show that under the injection ϕ given in (3.6), the set
of tableaux Y D with two column tableaux I p  Iq violating any condition in Lemma 3.8 precisely
corresponds to the set of column tableaux I p ∗ Iq such that I p ∗ Iq  H0 where H0 = [1,3,5, . . . ,
2m − 1]. Let us consider the semistandard Young tableau Y D with two columns I p  Iq such that
I p ∗ Iq  H0. Then there is k such that (i) (2k − 1)-th and (2k)-th entries in I p ∗ Iq are (4k − 3) and
(4k− 2) respectively; or (ii) (2k)-th and (2k+ 1)-th entries in I p ∗ Iq are (4k− 1) and 4k respectively.
For the case (i), under (3.2), Y D satisﬁes either α2k + β2k > 2k or α2k + β2k = 2k with Y Dα2k,1 = 2k − 1
and Y D
β2k,b
= 2k. In the later case however, the second column does not contain (2k − 1). Therefore,
Y D violates the second condition in Lemma 3.8. For the case (ii), we have α2k + β2k  2k + 1 in Y D .
Therefore Y D does not satisfy the ﬁrst condition in Lemma 3.8. The other direction is also true by the
same argument. 
Therefore, in(IDm ) is generated by in(I(lp ,lq)
t
m ) for 1  p < q  r, and we can conclude that our
generating set for ISO(m) is a Gröbner basis.
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(i) For a standard monomial
∏r
l=1 δIl ∈ C[Mm,n]Un , its leading monomial is divisible by LM( f ) for some
f ∈ ISO(m) if and only if it is divisible by LM(g) for some g ∈ I(c,d)
t
m for 1  d  c  n. Therefore,
in(ISO(m)) is generated by {
LM( f ): f ∈ I(c,d)tm , 1 d c  n
}
.
(ii) A standard monomial
∏r
l=1 δIl ∈ C[Mm,n]Un is SO(m) standard if and only if it is not divisible by LM( f )
for any f ∈ I(c,d)tm for 1 d c  n.
Also, since as a vector space the dimension of σ Dm ∼= ρDm/IDm is equal to the dimension of
in(ρDm )/in(IDm ) (see, e.g., [2]), the dimension of σ Dm is equal to the number of SO(m) standard monomi-
als
∏r
l=1 δIl where D = (l1, l2, . . . , lr)t . The grading structure (2.5) of C[Mm,n]Un/ISO(m) is compatible
with its representation decomposition (2.4). Hence, SO(m) standard monomials project to a basis of
C[Mm,n]Un/ISO(m) . This completes our proof for Theorem 3.6.
Finally, we have the following criterion for SO(m) standardness by using Proposition 3.4.
Corollary 3.11.
(i) The leading monomial of a standard monomial
∏r
l=1 δIl ∈ C[Mm,n]Un is divisible by LM( f ) for some
f ∈ ISO(m) if and only if I1 ∗ Is  H0 for some 1< s r.
(ii) A standard monomial
∏r
l=1 δIl ∈ C[Mm,n]Un is SO(m) standard if and only if I1 ∗ Is  H0 for all 1< s r.
4. Flat degeneration and GT patterns
In this section, we study in(C[Mm,n]Un )/in(ISO(m)) as a ﬂat degeneration of C[Mm,n]Un/ISO(m) and
describe an integral lattice cone encoding its structure. Am,l is the subring of the GT semigroup ring
C[PGL(m)] deﬁned in Proposition 2.9.
Theorem 4.1. Spec(C[Mm,n]Un/ISO(m)) is a ﬂat deformation of a subvariety of Spec(Am,n).
Proof. Since in(C[Mm,n]Un ) and in(ISO(m)) are ﬁnitely generated, there is a positive weight vector α
that allows us to use the standard SAGBI–Gröbner deformation technique (see, e.g., [2,5]), i.e., there
exists a degree-ﬁltration Fα of C[Mm,n]Un/ISO(m) given by α such that the associated graded ring of
the Rees algebra of C[Mm,n]Un/ISO(m) with respect to Fα is in(C[Mm,n]Un )/in(ISO(m)). This shows that
in(C[Mm,n]Un )/in(ISO(m)) is a ﬂat degeneration of the isotropic ﬂag algebra. 
Recall that, by Proposition 2.9, in(C[Mm,n]Un ) is isomorphic to a subring Am,n of the semigroup
ring C[PGL(m)] generated by the GT patterns for GL(m) whose supports are in {x(i)j ∈ Γm: 1 j  n}.
Now, to obtain more explicit description of the integral lattice cone encoding the degeneration
of Spec(C[Mm,n]Un/ISO(m)), we want to identify the image of in(ISO(m)) under the isomorphism
in(C[Mm,n]Un )  Am,n .
Proposition 4.2. The quotient ring in(C[Mm,n]Un )/in(ISO(m)) is isomorphic to
Am,n/Θ
where Am,n is the semigroup ring over C generated by GT patterns with supports in {x(i)j ∈ Γm: 1  j  n}
and the idealΘ is generated by T I + T J such that the sum of entries in the k-th row of T I + T J∗ is greater than
k for some k.
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in(ISO(m)) in terms of GT patterns. From Corollary 3.10, it is enough to show that the condition on
I ∗ J in Proposition 3.2 is equivalent to the condition on T I + T J∗ in the statement. Suppose I ∗ J  H0,
i.e., there is k such that the k-th element in I ∗ J is less than (2k − 1). Then it is equivalent that I ∗ J
contains more than (k−1) elements which are less than (2k−1) including, under the correspondence
(3.2), elements less than or equal to (k− 1) in I and in J∗ respectively. This shows that the (k− 1)-th
row of T I + T J∗ is greater than (k − 1). The converse is also true by the same argument. 
Example 4.3. Let us consider the GT patterns corresponding to column tableaux given in Example 3.3.
(i) For I = [1,4,5,6] and J = [1,4], thus J∗ = [2,3]: the GT patterns T I and T J∗ are, as SO(8) objects,
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0
1 1 1 1 0 0
1 1 1 0 0
1 1 0 0
1 0 0
1 0
1
1 1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 1 0 0 0 0
1 1 0 0 0
1 1 0 0
1 1 0
1 0
0
respectively, and therefore T I + T J∗ is
2 2 1 1 0 0 0 0
2 2 1 1 0 0 0
2 2 1 1 0 0
2 2 1 0 0
2 2 0 0
2 1 0
2 0
1
Since the sum of entries in the k-th row is less than or equal to k for all k, the GT pattern T I + T J is
not in the ideal Θ . Note that we saw δIδ J is SO(8) standard in Example 3.3.
(ii) On the other hand, for I = [1,2,5,6] and J = [1,3], thus J∗ = [2,4], the corresponding GT
patterns T I and T J∗ are
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0
1 1 1 1 0 0
1 1 1 0 0
1 1 0 0
1 1 0
1 1
1
1 1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 1 0 0 0 0
1 1 0 0 0
1 1 0 0
1 0 0
1 0
0
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2 2 1 1 0 0 0 0
2 2 1 1 0 0 0
2 2 1 1 0 0
2 2 1 0 0
2 2 0 0
2 1 0
2 1
1
The sum of entries in the second row is 3. Therefore, T I + T J ∈ Θ . Note that we saw δIδ J is not SO(8)
standard in Example 3.3.
Combined with Proposition 3.4, this shows that Spec(in(C[Mm,n]Un )/in(ISO(m))) is encoded by the
semigroup of GT patterns
∑r
l=1 T Il for GL(m) whose supports are in {x(i)j ∈ Γm: 1  j  n} and the
sum of entries in the k-th row of T I1 + T I∗s is less than or equal to k for all 1 km and 1< s r.
Let us consider standard monomials
∏r
l=1 δIl in ρDm ⊂ C[Mm,n]Un . From Proposition 2.9, the iso-
morphism (2.8) provides the bijection between the leading monomials LM(
∏r
l=1 δIl ) of them and GT
patterns of GL(m) whose ﬁrst rows are D . By describing GT patterns correspond to the complements
to in(IDm ), we obtain GT patterns correspond to SO(m) standard monomials of σ Dm ∼= ρDm/IDm . In par-
ticular, we obtain the following corollary.
Corollary 4.4. The dimension of the SO(m) representation space σ Dm is equal to the number of GT patterns∑r
l=1 T Il of GL(m) such that their m-th rows are equal to D and that the sum of entries in the k-th row of
T I1 + T I∗s is less than or equal to k for 1 km and 1< s r.
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